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Abstract 
Natural frequencies, mode shapes and modal damping values are the most important parameters to 
describe the noise and vibration behaviour of a mechanical system. For rotating machinery, however, 
the directivity of the propagation wave of each mode should also be taken into account. For rotating 
systems, this directivity can be determined by complex modal testing. In this paper, a rolling tire is 
represented as a flexible ring model. The limitation of application of the complex modal testing which 
requires two directional measurements at a certain point, which is difficult to measure in practice, has 
been overcome through a modified complex modal testing which requires only one directional 
measurements at any two points. The technique is described in detail and applied to both a numerical 
example and to an experimental data set of a real rotating tire. 
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1 Introduction 
The dynamic characteristics of rolling tires have been widely studied in literature by looking at modes 
and propagating waves [1-3]. Next to the natural frequencies and the damping values, the directivity of 
the propagation wave of each complex mode (forward and backward wave) is an important parameter 
for the understanding of the dynamic characteristics of rolling tires. Furthermore, an accurate estimation 
of the complex mode shape itself is also of great importance [4]. However, the experimental setup 
needed to identify the mode shapes using conventional modal testing approaches is quite complex and 
expensive as many points should be measured on the rotating object [1, 2]. For this reason, Lee [5-7] 
introduced a complex modal testing (CMT) approach for rotating machinery, which makes it possible 
to estimate the directivity of each wave with only two responses measured at different points and two 
forces applied at different locations.  
The equation of motion for the rotating system is composed of two directions (e.g. for the rotor/bearing 
system it is described in the Y and Z direction and for the flexible ring model it is described in the radial 
and circumferential direction). These two directional vibration measurements at a certain point are used 
in the conventional CMT technique. In current experimental setup of a rotating tire, it is very difficult 
to measure the both directional responses (radial and circumferential direction) at a certain point. 
Therefore, the conventional CMT and the modified CMT that is proposed in this paper can be classified 
by following explanations. The modified CMT technique, which uses only one directional measurement 
measured at any two points (in this research the radial direction is used), is introduced with the flexible 
rotating ring model to get same results to the conventional CMT. And to introduce in a simplified 
manner, the conventional CMT is developed for estimating the directivity of each wave as well as the 
degree of anisotropy or asymmetric of rotors by using directional frequency response function (dFRF). 
In this technique, the dFRF is identified with two directional vibration measurements, which compose 
the equation of motion of a rotor/bearing system in a Cartesian coordinate, at one position. The proposed 
modified complex modal testing in this study is developed based on a rotating flexible ring model. In 
the modified technique, the dFRFs are composed of two vibrational measurements in radial direction 
measured at two different positions and these are used to confirm the directivity of each wave by the 
difference of magnitudes between the results in the positive and negative frequency regions of the 
dFRFs 
In fact there are several limitations on analysing dynamic behaviour of a rotating tire with the flexible 
ring mode as introduced in Ref. [8].  For instance, a rolling tire is deformed by vehicle’s weight during 
driving condition [3]. The proposed ring model, however, has always a circular configuration during 
rotating condition, in addition, tire includes bending mode in axial direction but ring model cannot take 
this into account [4]. Despite of these limitations, the reason of adopting the flexible ring model is that 
it is easy to confirm and to estimate the rotational effects (forward and backward wave) in the analytic 
FRF result. And this study does not focus on investigation of dynamic changes of a rolling tire by 
loading and rotating conditions but development of a method to estimate the rotational effects. In 
addition, it is observed that the estimated rotational effects confirmed by the proposed method are in 
well agreement with the confirmed results in experimental measurement within interesting frequency 
region. Hence, it can be concluded that the introduced flexible ring model is effective to analyse 
rotational effect of a tire. 
In the current paper, the conventional CMT theory will be briefly introduced and two measurement 
conditions will also be introduced to estimate the directivity of each wave with confidence for the 
modified CMT technique. And the approach with these conditions will be applied on the case of a 
rotating tire. First the approach is applied on the numerical case of a tire ring model [9] and afterwards 
on measurements on a real rotating tire.  
 
2 Complex Modal Testing [5] 
2.1 Directional frequency response function 
The equation of motion of an isotropic rotor/bearing system under complex force excitation can be 
written as  
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In eq. (1), vector p and g represent the complex response vector and the complex force vector which 
are composed of displacement vectors and external force vectors in y and z direction, with y and z 
describing the plane perpendicular to the axis of rotation, and the size of each vector is N 1.  In 
addition, subscript c represents complex matrices that are composed of complex values. And the size of 
cM , cC  and cK  is NN and the equation can be transformed into a state space form 
 c c c c cA w + B w = F  (2) 
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The size of the state matrices cA  and cB , in eq. (2), is 2N2N and these are composed of complex 
values and are non-symmetric matrices. The size of the state response vector cw  and the state force 
vector cF  is 2 N1. If the eigenvalue problem of eq. (2) is solved with the assumption that cF  is 
equal to 0, then the eigenvectors and adjoint eigenvectors can be obtained, and the bi-orthogonal 
property can be satisfied as follows 
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In eq. (3), the vectors rc and lc represent eigenvectors (right eigenvectors) and adjoint eigenvectors (left 
eigenvectors), respectively, and λ represents the eigenvalues of the system, which are expressed by 
complex values. The real terms of λ imply energy dissipation and the imaginary terms of λ refer to the 
resonance frequencies of the system. Here, positive (+) resonance frequencies represent propagating 
directivity of the wave in forward direction, while negative (-) resonance frequencies represent 
propagating in backward direction with respect to the rotating direction of the system. In eq. (3), δij 
represents the Kronecker delta function, which is defined as 1, when the index i = j, and as 0 otherwise. 
The superscript H indicates the Hermitian matrix. The eigenvectors and adjoint eigenvectors are 
composed as 
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Here, the bar represents the complex conjugate. The cφ  and cψ  are the modal vector and adjoint 
modal vector of the eq. (1) and the modal vectors can be used to express the complex displacement 
vector p. 
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In eq. (5), ηc represents the general coordinate of the complex displacement vector p and the index i 
stands for each propagating direction where, F is the forward and B is the backward wave component 
of each resulting complex mode. Combining eq. (5) and (1), the relation between the complex force and 
the complex response is obtained in frequency domain (eq. (6)) and the elements of the directional 
frequency response function (dFRF) are represented in eq. (7). 
 ( ) ( ) ( )pgj j j  P H G  (6) 
 
1 ,
( )
i
HN
c c
pg
n i F B n
j
j

  
 
  
 
 
φ ψ
H  (7) 
Note that the dFRFs in eq. (7) do not have a conjugate part (i.e. each wave is represented by first order 
basis not second order basis) which ensures that the forward wave, which is represented by a positive 
frequency, is only observed in the positive frequency region and the backward wave, which is 
represented by a negative frequency, is only observed in the negative frequency region. Therefore, dFRF 
analysis of rotating systems makes it possible to estimate the propagating directivity of each wave when 
the dFRFs are investigated in both frequency regions (positive and negative). 
 
3 Modified Complex Modal Testing for a flexible ring 
3.1 Transfer function of a rotating flexible ring in global coordinates 
In previous works [9-11], a ring model has been used to analyse the dynamic characteristics of tires. 
The ring is represented in cylindrical coordinates and two reference systems can be used to express its 
dynamic behaviour. One is a rotating reference which is a local coordinate system. The other one is a 
fixed reference which is a global coordinate system. In the presented research work, laser Doppler 
vibrometer is adopted for gaining vibration information of the tire vibration pattern. Therefore, the 
global coordinate system is used to analyse the dynamic behaviour. Fig. 1 shows the configuration of 
the rotating flexible ring and its two coordinate systems (global and local). 
 
Fig. 1 Global and local coordinates of a rotating flexible ring. 
 
The equation of motion of a rotating ring considering damping in global coordinates is as follows [9, 
12] 
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In eq. (8), M, C and K represent the mass, damping (with gyroscopic terms) and stiffness matrices, 
respectively, while, the vectors u and q represent displacements and external forces in radial and 
circumferential directions, respectively. The size of each matrix is 22 and the detailed description of 
these matrices and vectors are shown in eq. (9). In eq. (9), ρ is the material density, A is the cross 
sectional area, λ is the internal damping, Ω is the rotational speed, E is the Young’s modulus and I is the 
moment of inertia. The equation shows that the mass matrix is diagonal, while, the damping and 
stiffness matrices are skew-symmetric matrices which are composed of complex values. In eq. (9-4), ur 
and uΘ represent the radial and circumferential displacement for nth mode, receptively, and these are 
function of time and spatial domain. 
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The equation of motion (eq. (8)) can be represented in state space as follows 
 Ap + Bp = f  (11) 
with 
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In the previous sections, matrices A and B were only composed of system properties, however, in this 
case (rotating tire ring model), the matrices are composed of complex values and their size is 44 and 
they include the space term which is shown in eq. (10). Therefore, the response vector p is only a 
function of time. If the vector f is put to zero and the eigenvalue problems are solved, then, both 
eigenvectors and adjoint eigenvectors can be obtained; these eigenvectors satisfy the bi-orthogonal 
property. 
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Here, the superscript T represents the transpose matrix. And the eigenvectors and the adjoint 
eigenvectors are made up of the combination of modal vectors. 
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The space term (
jne  ) is included in the eigenvectors and the adjoint eigenvectors because the term is 
multiplied to the matrices A and B as a scalar. Therefore, the vectors r and l are dependent of space 
whereas the modal vectors φ and the adjoint modal vectors Ψ are the unique properties of the system, 
which are space independent. Here, the modal vectors are composed of radial and circumferential 
directional elements (φr, φΘ and Ψr, ΨΘ). In order to get the FRF, the state vector p can be represented 
as follows 
 p = Rη  (14) 
Here, R indicates the matrix of eigenvectors and η indicates the vector of general coordinates. 
Substituting eq. (14) into eq. (11) and multiplying LH (the matrix of adjoint eigenvectors) to the left 
hand of both sides, one can obtain 
  s HnI - λ η = L f  (15) 
In eq. (15) ‘s’ indicates Laplace domain, I indicates the identity matrix of size 44, λn is a diagonal 
matrix composed of eigenvalues. Pre-multiplying the inverse of  s nI - λ  to both sides of the 
equation gives an equation having vector η alone on the left hand side. One can obtain the result (eq. 
(16)) after multiplying matrix R to both sides of the resulting equation. 
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Eq. (16) can be expressed in summation form. 
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Even though the system matrices for nth mode A and B have size of 44, if one takes into account N 
numbers of mode, then the size of these system matrices can be considered as 4N4N likewise the 
rotating system; therefore, the response of the ring should be expressed by 4N bases functions, as can 
be deduced from eq. (17) (2N (-N to N) 2 (forward, backward)). In eq. (11), the displacement vector 
u and the external force vector q are located in below half of the response state vector p and the force 
state vector f, respectively. Therefore, not every element in matrix eq. (17) needs to be considered. It is 
only necessary to consider the lower part of the eigenvectors and the adjoint eigenvectors to express 
vector u. 
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Because both the eigenvectors and adjoint eigenvectors include the space information (θ) as shown in 
eq. (13), it is also included in eq. (18). Here, the location of measurement is indicated by subscript s and 
the location of the force by subscript f. The scalar B stands for the phase delay which is determined by 
the locations of the measurement and the force. One can confirm that the principle of reciprocity [13] 
does not hold in the case of flexible rotating ring since the phase in the scalar B is changed when the 
two locations (measurement and force) are switched. The equation can be transformed into the 
frequency domain by substituting s by jω and representing the result in matrix form.  
 
( , ) ( , ) ( , ) ( )
( , ) ( , ) ( ) or
( , ) ( , ) ( , ) ( )
r rr r r
r
j j j j
j j
j j j j

   
      
    
      
     
     
     
U H H Q
U H Q
U H H Q
 (19) 
Eq. (19) shows the frequency response matrix (FRM) in which every FRF related to each direction is 
shown. The element for the radial displacement and the radial force in the FRM is 
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From eq. (18) and (20), the FRF of a rotating ring follows with the following relation 
 ( ) ( ), , ,ik ikj j i k r    H H  (21) 
In other words, if a FRF is investigated in both positive and negative frequency region, the magnitude 
in the negative frequency is just the replica of the result in the positive frequency; therefore, it is 
impossible to estimate the information of the propagating directivity of each wave with a general FRF 
similar to the rotating system.  
The CMT [5] was introduced for the lumped element system (rotor/bearing). In this system it is 
possible to measure the two directional (y, z) responses and forces in a Cartesian coordinate to comprise 
the complex response and force. However, in order to apply the CMT to a flexible ring model, it is 
required that the radial and circumferential displacement and force are directional elements in the 
equation of motion. In real experimental configurations of a rolling tire, the circumferential 
displacement and force are impossible or at least very difficult to measure with current technology (a 
detailed explanation of the experimental configuration is given in section 5). Therefore, in this research, 
two vibration measurements only in radial direction, which are measured at different locations, and the 
radial forces applied at that time (the force always applied at the same position) are used to comprise 
the complex response and the complex force,  
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Here, u1 and u2 are the radial displacements measured at different position (i.e. Θs = Θ1 and Θ2), under 
the assumption that the force is applied with the same magnitude at the same position in every 
experiment, fr indicates the applied radial force. Eq. (22) can be used to obtain the following results. 
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In eq. (23), P and G are transformations of p and g into the frequency domain and Pˆ  and Gˆ  are 
transformations of the complex conjugate of p and g into the frequency domain. H1 and H2 indicate the 
FRFs in terms of the location of measurement at Θ1 and Θ2. In other words, it is confirmed that the two 
sided dFRFs show different magnitudes between the negative frequency result and the positive 
frequency result and it can be also expected that the directivity of each wave can be estimated from this. 
Detailed understanding for the dFRFs in eq. (23) is conducted in the next section. 
 3.2 Directional frequency response function 
Introduced in the previous section, the directional FRFs obtained by the radial displacement measured 
at two positions and radial force applied at one position cannot be analysed by the equation of motion 
in the same way as was done in section 2.1 because the equation of motion of a rotating ring is coupled 
(radial and circumferential direction) due to Coriolis effects whereas the values in eq. (23) only consist 
of radial information. Therefore, in this research, each magnitude of a directional FRF at a resonance 
frequency (jωn) and at the opposite frequency (-jωn) investigated. Through this, the propagating 
directivity of the each wave is estimated. In eq. (23), ˆ ˆpgH  can be expressed as 
 
   ˆ ˆ 1 2 1 2 2
1
2
( ) / 2 (1 ) (1 ) / 2
( )
where ( )
( )
pg j j K j j
H j
K j a j b
H j




       
  
H ( ) H H H H H
 (24) 
Here, K indicates the ratio of H1 and H2. The result can be assumed as a complex value consisting of 
real constants a and b and with also 
 ( ) ( )K j K j    (25) 
Substituting K = a + jb into eq. (24) yields 
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From eq. (26), it is confirmed that the directional FRF can be expressed as the product of H2 and Wω 
and the magnitude of Wω is represented by A . In other words, it is concluded that the magnitude of 
ˆ ˆpgH  at the positive frequency can be expressed by the product of the magnitude of H2 and A . The 
magnitude of ˆ ˆpgH  at the negative frequency is 
  2ˆ ˆ (1 ) (1 ) / 2pg j K j j    H ( ) H  (27) 
It can be expressed as in eq. (27) in which H2 and K are represented by the complex conjugate of the 
positive frequency results of those in the negative frequency. Substituting the conjugate of K into the 
equation yields  
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From eq. (28), the directional FRF at the negative frequency is represented as the product of 2H  and 
W-ω and the magnitude of W-ω is represented by A  . From comparing eq. (26) and eq. (28), it follows 
that the magnitude of 2H  and 2H does not affect the magnitude of the directional FRF between the 
positive and the negative frequency since the relation of the conjugate gives the same magnitude. 
Therefore, the comparison can be achieved by the difference in magnitude of each W at the positive and 
the negative frequency. 
 8A A b     (29) 
Eq. (29) shows that the magnitude of the directional FRF at the positive and the negative frequency is 
governed by the imaginary term of K. If the imaginary term has a negative value (i.e. b<0), then it can 
be concluded that 
 ˆ ˆ ˆ ˆ| | | |pg pgj j  H ( ) H ( )  (30) 
The forward and backward waves of a rotating ring are represented by the negative and the positive 
frequencies [1, 14]. Therefore, if the imaginary value of the K satisfies the condition (b<0), it implies 
that the forward wave has a larger magnitude in the negative frequency region, while the backward 
mode has a larger magnitude in the positive frequency region. This fact is used to estimate the directivity 
of each wave with directional FRFs. The FRFs for radial direction in eq. (20) are re-expressed for a 
deeper understanding of K. 
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  (31) 
Eq. (31) is the representation which is replaced from the eq. (20) expressed by two numbers of first 
order basis to one number of second order basis and the mode shape information is also replaced with 
the Euler’s form represented by combination of amplitude Q and phase nΘn from the product of φn and 
ΨnH. The eigenvalue of a rotating ring λn is represented by the combination of a real value σn and an 
imaginary value ωn, where the real value stands for the energy dissipation and the imaginary value 
stands for the resonance frequency. Expressing K at a resonance frequency (ωn) using eq. (31) yields 
 
         
         
   
   
 
 
1 1
2 2
1 1
2 2
2 2
2 2
( )
2
2
f n f n
f n f n
f n f n n
f n f n n
jn jn
n n n n n n
n jn jn
n n n n n n
j n j n
n n n n n
j n j n
n n n n
e j j e j j
K j
e j j e j j
e j e
e j e
     
     
      
      
     

     
    
   
    
    
    
    
     
  
    
 
     
  
    
-
-
'
1
'
2
2
2
2
where 2n
n
j n
n n
j n
n n
j n
n n n
e
e
e j




 
 
  
  
 
  
  
  
  
  
  (32) 
Eq. (32) shows the ratio of FRFs at two locations, which results into the ratio of the residues of each 
mode, assuming that each mode is well separated from each other, which is the case at the resonance 
frequencies. Representing the result in a trigonometric form to identify the imaginary value yields 
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Here, A and B represent the real and imaginary terms comprising the denominator and the numerator of 
K. Index i represents the measurement position 1 and 2. Considering only the imaginary term in eq. 
(33), the sign of the imaginary term is governed by the numerator since the denominator has always a 
positive value. This numerator of the imaginary part can be arranged by applying the trigonometric 
identity. 
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In the expression of eq. (34), it is expected that the magnitude of 
2
n  is much larger than n n   by 
eq. (32) (in the experimental results of a rotating tire, it is observed that the magnitude of 
2
n  is 
normally ten times bigger than the magnitude of n n  ). Therefore, it can be assumed that the result of 
eq. (34) will be dominated by the first term of the equation. Under the assumption that the position of 
the second node is ahead of the first node (i.e. Θ2> Θ1), the phase in the first term should be located at 
-180˚ ~ 0˚ to have a negative value, hence, the following relation can be established. 
 2 1
180
2n
 

   (35) 
Eq. (35) shows that the locations of the two measurements can be decided based on the range of the 
interested mode number. For example, if one has interest up to 9th mode, the two locations should be 
located within 10˚. For the case of taking into account the second term of the equation, the result can 
be changed. The cosine part of the second term is assumed to have unit value (i.e. the maximum value 
of cosine) since the phase in the cosine cannot be estimated by experiments due to 1   and 2  . Then, 
the two measurement positions should satisfy the following relation to have a negative value of eq. (34) 
by considering the sine in the second term. 
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The relation in eq. (35) can be assumed as a necessary condition for applying the modified CMT 
technique and eq. (36) can be assumed as the sufficient condition. If eq. (36) is satisfied, the directional 
FRF ˆ ˆpg jH ( )  shows larger value of the residue in the negative frequency for the forward wave and 
in the positive frequency for the backward wave. By using this fact, the directivity of each wave can be 
estimated. In a similar way as ˆ ˆpg jH ( ) , other directional FRFs can be identified of characteristics in 
the two sided frequency domain. Checking the results, ˆpg jH ( )  and ˆ ˆpg jH ( )  show a similar 
trend to ˆ ˆpg jH ( ) , while pg jH ( )  and ˆpg jH ( )  show opposite trends to ˆ ˆpg jH ( ) . These 
results can be identified in the next section (simulation). 
 
4 Simulation 
In this section, the modified CMT technique introduced in the previous section will be verified by 
numerical simulation by the analytic formulae (eq. (20)). The ring model which is used in the simulation 
is composed of 60 evenly distributed nodes from 0˚ to 360˚ with an increment of 6˚ and it rotates in 
counter clockwise direction with a speed of 8Hz. The applying force is located at the bottom of the ring 
in global coordinates (Fig. 2). 
 
Fig. 2 Configuration of a rotating ring for simulation 
 
In the simulation, the displacement response is obtained by eq. (18). The parameters used in eq. (9) are 
summarized in table 1. The simulation is conducted in two cases in terms of the location of measurement. 
In the first case, it is assumed that the measurements are located at 0˚(Θ1) and 6˚(Θ2). In the other case, 
the measurements are located at 0˚(Θ1) and 30˚(Θ2). The first case satisfies both conditions, while the 
second case does not satisfy both conditions imposed by eq. (35) and eq. (36) because the results are 
only identified up to the 7th mode for the both cases. 
Table 1 
Parameters for the ring model used in the presented simulation 
Young's modulus E = 4.76e9 N/m2 
Density ρ = 14500kg/m3 
Thickness h = 14.1e-3m 
Radius R = 0.3m 
Width b = 0.35m 
Damping ratio 5% 
 
In the first simulation (for the case of 0˚ and 6˚), it is assumed that only the 3rd mode exists and the 
responses of the applied force are obtained at two positions. These two responses and one force are used 
to obtain the FRFs (H1 and H2) and the averaged result of the FRFs (Fig. 3 (a)). These data are also 
used to obtain directional FRFs (Fig. 3 (b)). 
 
(a)   (b) 
Fig. 3 (a) Averaged FRF for 3rd mode at 0˚ (H1) and 6˚ (H2) (b) from top to bottom ( pg jH ( ) , 
ˆ ˆpg jH ( ) , pˆg jH ( )  and ˆpg jH ( ) ) 
 
The results of the resonance frequencies of the 3rd mode identified by eq. (12) are -56.91Hz for the 
forward wave and 18.53Hz for the backward wave. The general FRF cannot be used to estimate the 
directivity of each mode since it has identical magnitudes in the positive and the negative frequency 
regions as shown in Fig. 3 (a) (i.e. the magnitudes are 0.0727 at +18.53Hz and -18.53Hz and 0.1059 at 
+56.9Hz and -56.9Hz). Fig. 3 (b) shows the directional FRFs in the sequence of pg jH ( ) , ˆ ˆpg jH ( ) , 
pˆg jH ( )  and ˆpg jH ( )  going from top to bottom. As predicted in the previous section, it is 
observed in the second plot ( ˆ ˆpg jH ( ) ) that the peak at the forward wave resonance frequency (-
56.91Hz) shows larger magnitude (0.24) than the magnitude (0.175) at the positive frequency (56.91Hz) 
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peak, while the peak at the backward resonance frequency (18.53Hz) shows lager magnitude (0.165) 
than the magnitude (0.12) at the negative frequency (-18.53Hz) peak. It is also observed that the plot of 
pˆg jH ( )  shows the same trends as ˆ ˆpg jH ( )  but that the plots of ˆpg jH ( )  and pg jH ( )  
show opposite trends to ˆ ˆpg jH ( ) . Through this figure, the predicted trends in the previous section are 
verified. Similar simulations as shown in the previous result ( ˆ ˆpg jH ( )  in Fig. 3 (b)) have been 
conducted for both conditions (0˚ to 6˚ and 0˚ to 30˚) but with varying the assumed mode from 4th to 7th 
to compare the variation of the results with respect to measurement positions (Fig. 4).  
 
(a) (b) 
Fig. 4 directional FRF simulation results ( ˆ ˆpg jH ( ) ) for 4
th to 7th mode from top to bottom (a) measured at 0˚ 
(Θ1) and 6˚ (Θ2) (b) measured at 0˚ (Θ1) and 30˚ (Θ2) 
 
The resonance frequencies (eq. (12)) -95.16 Hz, -141.14 Hz, -195.1 Hz and -257.1 Hz are for the 
forward waves and the frequencies 38.72 Hz, 67.34 Hz, 104.33 Hz and 149.64 Hz are for the backward 
waves. Based on these results, investigating the plots of the first simulation (Fig. 3 (b)), it shows that 
every forward wave has larger magnitude at negative frequency than the result in the positive region, 
while every backward wave always has a larger magnitude result at the positive frequency. For the 
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second simulation case (Fig. 4 (b)), however, the same conclusions as drawn from Fig. 4 (a) are 
concluded for the 4th and 5th mode, but for the 6th mode it shows similar magnitude results in both 
frequency regions and for the 7th mode the larger value appears in the negative frequency region for the 
backward wave and in the positive frequency region for the forward wave. From these results, it can be 
concluded that the range of the estimated mode number by the directional FRF is restricted by the 
interval of two measurement positions (verification of eq. (35) and eq. (36)). 
 
5 Experiments 
In order to validate the modified CMT introduced in this study, 45 locations on a rolling tire are 
measured, excited by a broadband excitation. Two of these 45 measurement locations are selected to 
apply the technique and the obtained results are compared to the results which are obtained by 
determining the mode shapes from all the measurements at all 45 nodes. 
5.1 Experimental configuration for a rolling tire 
The tire rolls on a steel drum and is excited by a metal strip (so-called cleat) which is fixed to the drum 
surface. A Laser Doppler Vibrometer (LDV) is used to measure the vibration velocity in the radial 
direction. As shown in Fig. 5, an array of 45 mirrors is used to direct the laser beam in the radial direction 
towards the tire surface. 
 
Fig. 5. Configuration for the vibration measurement of a rolling tire. 
 
Since points close to the tire footprint are not accessible, the measurements start at about 48˚ clockwise 
(at 222˚) from the footprint/cleat contact (reference at 270˚) and end at 48˚ counter-clockwise (at 318˚) 
from the reference. The 45 measurement positions are evenly distributed every 6 ˚ from the start point 
and the measurement direction is clockwise. The response at each fixed location has been measured for 
10 seconds. The number of cleat excitations and revolutions of the tire during this time period are 
determined by the rotational speed of the tire. Tachometers are used to count the number of cleat 
excitations (i.e. the number of revolutions of the drum) and the number of revolutions of the tire during 
10 seconds. The time response due to every cleat passage is used in a time averaging process. At higher 
rotation speeds, the number of averages increases. However, the duration of the time response decreases 
since the time between two consecutive cleat passages become smaller. This causes a poorer resolution 
in the frequency domain. The tire spindle force signal is used to synchronize the vibration response at 
different points along the tire circumference. The excitation force at the tire footprint due to rolling over 
the cleat is not known. The measurement conditions are listed in table 2. 
Table 2 
Measurement conditions for the rolling tire 
Measurement conditions 
Tire rolling speed [km/h] 100 
Tire dimensions 205/55 R16 
Inflation Pressure [bar] 2.2 
Load [N] 7000 
Applied Excitation 3x25 mm cleat 
Sampling Frequency [kHz] 64 
 
Fig. 6 shows the results of the measurement. Fig. 6 (a) shows the measured results of four quantities 
(tire vibration velocity, vertical spindle force, drum tachometer and tire tachometer) at fixed point 34. 
All results shown are normalized by the maximum value of each quantity. Fig. 6 (b) shows the averaged 
velocity calculated out of the response of 41 cleat passages. The duration of a single drum revolution is 
estimated to be 0.213 seconds. Fig. 6 (c) shows all averaged and synchronized velocity results and (d) 
shows all averaged and synchronized force results. 
 (a) (b) 
 
(c) (d) 
Fig. 6 Example of measurement data (a) 4 measured quantities (Tacho drum, tacho tire, laser and spindle 
force) at fixed point 34, (b) averaged velocity measurement at fixed point 34 over 10 seconds, (c) all 45 
averaged and synchronized velocity responses, (d) all 45 averaged and synchronized vertical spindle 
force measurements. 
 
Comparing the spindle force results of the 45 measurements indicate that the cleat excitation has a good 
repeatability and test conditions stay constant during the measurement of the vibration response at the 
different fixed points. In addition, the comparison also shows that the different responses are well 
synchronized. The frequency of the main spindle force oscillation corresponds to the first vertical tire 
resonance frequency [2]. The frequency contents of the vibration velocity at different points are found 
to be different from each other. All tire resonances have a different contribution to the total response in 
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different points. From these 45 results which are obtained by post processing, the dynamic 
characteristics of the tire can be analysed from the 45 averaged and synchronized responses.  
 
5.2 Results 
For the rolling tire, the excitation force as a result of rolling over the cleat is not known. Therefore, a 
general modal analysis method, which uses frequency response function, cannot be applied. Instead, an 
Operational Modal Analysis (OMA) method should be applied which only requires responses to 
estimate the modal parameters of the structure. Fig. 7 shows the measured power spectrum (solid line) 
of the vibration velocity for a tire rolling at 100km/h. The modal parameters of the rolling tire are 
estimated by using only response power spectra since the applied excitation force cannot be measured. 
The excitation force due to rolling over the 3x25 mm cleat has a relatively flat excitation spectrum. The 
PolyMAX modal parameter estimation method [15, 16] is applied to the power spectra of the responses 
because the frequency response functions of the rotating system have a similar form (eq. 20) as 
compared to the stationary system. Thus, the estimated modal parameters can be used to reconstruct the 
frequency response. Fig. 7 shows a good agreement between the measured and estimated power spectra. 
This agreement proves that the estimated modal parameter has fully described the measured dynamic 
behaviour. All estimated modal parameters (resonance frequency, damping and mode shape) are shown 
in Fig. 8.  
 Fig. 7 Measurement (solid line) and estimated results (dotted line); Response power spectrum and its 
estimation of a rolling tire (100 km/h) 
 
Fig. 8 Mode shapes for the rolling tire at 100km/h. 
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 From Fig. 8, it is confirmed that several modes are not observed because the frequency content of the 
excitation force is dependent on the rotation speed and the cleat geometry for a rolling tire [1, 17]. More 
modes at higher frequencies will be identified when the rolling speed increases. This indicates that the 
excitation force levels at higher frequencies are higher as the rolling speed increases. As shown in Fig. 
8, up to the 9th mode has been observed in the experimental results. Therefore, the satisfying location 
interval between two sensor positions in eq. (36) is less than 10˚. Any two nodes can be selected in this 
regard, so here two cases are considered, one is the 34th node (Θ1 = 54˚) and 33th node (Θ2 = 60˚) and 
another one is 19th node (Θ1 = 144˚) and 18th node (Θ2 = 150˚), among the nodes satisfying this condition 
are selected to obtain the directional FRF. The applied force fr is assumed as an impulse force. The 
obtained directional FRF ( ˆ ˆpgH ) is shown in Fig. 9. 
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Fig. 9 directional FRF ( ˆ ˆpgH ) results of a rolling tire (a) measured at 54˚ (Θ1) and 60˚ (Θ2) (b) measured at 144˚ 
(Θ1) and 150˚ (Θ2) 
 
As shown in Fig. 9 (a), it is observed that for the frequency ranging from -200Hz~200Hz, the most of 
magnitude has larger values in the positive frequency region, while, it shows the opposite results for 
higher frequency values (i.e. -330Hz~-200Hz and 200Hz~330Hz). This trend shown in Fig. 9 (a) is also 
shown in Fig. 9 (b), even though it has different magnitude. And all resonance frequencies for each 
directional wave shown in Fig. 8, which are estimated by PolyMAX, are also shown in Fig. 9 with wave 
number and directional information (e.g. F and B). All results shown in Fig. 8 (resonance frequency, 
damping and directivity of wave) are listed in table 3. 
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Table 3 
 
* indicates a non-identified mode 
 
The estimated residues in the negative and positive frequencies are listed in table 3 with corresponding 
negative and positive resonance frequencies. There is a small difference between the results, in which 
one result is estimated by traditional modal estimation method (PolyMAX) and another one is estimated 
by the directional FRF. For the 5th forward wave case, for instance, the resonance frequency indicated 
by the modified CMT technique is -263.47Hz, because the residue in the negative frequency is larger 
than the positive frequency, it has around 8Hz magnitude difference with the frequency result which is 
estimated by PolyMAX. PolyMAX used 45 measurements while the directional FRF used only 2 
measurements to estimate each result. The difference in the number of averages results in small 
difference between two results. From this table, one can confirm that the results are exactly the same as 
those predicted in the previous section in that the magnitude of the residue has a larger value in the 
positive frequency for the backward waves (notified by B in the table) and the negative frequency for 
the forward waves (F). From this fact it can be concluded that the modified CMT technique makes it 
possible to estimate the directivity of each wave.  
 6 Conclusion 
There are two different directional waves in the rotating systems due to the Coriolis effect. Generally, 
directional waves are examined by using mode shapes which are obtained from measurements on a 
large number of positions. The complex modal testing technique, however, can give the directional 
information with only two position measurements. In this research, theoretically and experimentally, 
the difficulties of applying the complex modal testing to rolling tire analysis are introduced. In order to 
apply the technique with confidence, two conditions which should be satisfied in the experiment are 
introduced and these are explained and verified by simulations. In addition, the technique is applied to 
experimental measurements where by using only 2 measurement points, the same conclusions are 
obtained as in using a full data set of 45 measurement points. 
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